In this paper we use the Fano representation of two-qubit states from which we can identify a correlation matrix containing the information about the classical and quantum correlations present in the bipartite quantum state. To illustrate the use of this matrix, we analyze the behavior of the correlations under non-dissipative decoherence in two-qubit states with maximally mixed marginals. From the behavior of the elements of the correlation matrix before and after making measurements on one of the subsystems, we identify the classical and quantum correlations present in the Bell-diagonal states. In addition, we use the correlation matrix to study the phenomenon known as freezing of quantum discord. We find that under some initial conditions where freezing of quantum discord takes place, quantum correlation instead may remain not constant. In order to further explore into these results we also compute a non-commutativity measure of quantum correlations to analyze the behavior of quantum correlations under non-dissipative decoherence. We conclude from our study that freezing of quantum discord may not always be identified as equivalent to the freezing of the actual quantum correlations. 
I. INTRODUCTION
In quantum information processing and quantum computing a central issue is to improve our capability of identifying which features in the quantum realm are responsible for the speed up of quantum algorithms over their classical counterparts. For a long time the prime suspect was the entanglement. However, it has been proven both theoretically and experimentally that there exists some separable mixed states, having negligible entanglement, which provide computational speedup in some quantum computation models compared to classical procedures [13, 24] . Several results indicate that the increase in the efficiency is due to correlations of a quantum nature different from entanglement [1] - [8] .
Quantum discord (QD) is a widely accepted measure of quantum correlations, beyond just entanglement, and it is useful in many ways to indicate a divergence from classicality.
However, even though there is strong evidence that states with non-zero discord play a central role in mixed state protocols, in the context of quantum state algorithms there is still interest in understanding the elusive source for the quantum speed up. Thus, besides QD, several measures of quantum correlations have been proposed [9] . Of special relevance for this work is the non-commutativity measure of quantum correlations (NCMQC) introduced in [10] and [11] .
On the other hand, it is well-known that quantum correlations are usually destroyed under the effects of decoherence , i.e., uncontrolled interactions between the system and its environment. As a consequence, the system becomes less efficient for the realization of a number of quantum information tasks. Thus, in order to faithfully perform quantum information protocols it is of the essence to know the time scales along with the involved quantum resources can be securely preserved and manipulated.
Recent studies of the dynamics of general quantum correlations in open quantum systems under Markovian or non-Markovian evolutions indicate that QD is typically more robust than entanglement and does not suffer from sudden death issues [12] [13] [14] [15] [16] . In particular, a peculiar phenomenon known as discord freezing can occur for two-qubit states undergoing nondissipative decoherence. Indeed, under Markovian conditions and for certain initial conditons, QD may remain constant or frozen for a time interval [17] . Moreover, when a non-Markovian dynamics is considered, a forever frozen discord [18] or multiple intervals of recurring frozen discord [19] [20] [21] may take place. Even though necessary and sufficient conditions for the freezing have been investigated [22] , this phenomenon continues to be not completely understood. Besides, it is natural to question whether the freezing phenomenon is a consequence of a mathematical artifact originated from the particular definition of QD or it reflects the actual freezing of quantum correlations present in the physical system. The aim of this work is precisely to gain more insights in order to answer this question. This paper is organized as follows. In Sect. II we outline the theoretical framework for our work, including the definition of quantum discord, the Fano form and the correlation matrix for two-qubit states, the properties of Bell-diagonal states, and also the definition of a non-commutativity measure of quantum correlations. In Sect. III, we present our main results. We obtain the correlation matrix after a measurement has been performed on one of the subsystems. By using the correlation matrix we determine the character of the correlations present in a two-qubit Bell-diagonal state. By considering a dynamical scenario, corresponding to a non-dissipative decoherence process, we discuss the freezing phenomenon of quantum discord analyzing the behavior of the correlations given by the correlation matrix, the QD measure, and according to the non-commutativity measure of quantum correlations. Finally, some conclusions are addressed in Sect. IV.
II. THEORETICAL FRAMEWORK A. Quantum discord
A widely accepted information-theoretic measure of the total correlations contained in a bipartite quantum state ρ is the (von Neumann) Quantum Mutual Information I(ρ) defined as:
In eq. (1), ρ stands for a general bipartite quantum state,
represent the corresponding reduced (marginal) states and S(ρ) represents the von Neumann entropy given by
It is worth mentioning that I(ρ) describes the correlations between the whole subsystems rather than a correlation between just two observables.
Classical correlations present in a quantum state ρ of a bipartite quantum system can be quantified by means of the measure J S (ρ) defined as [23, 24] 
(m ∈ N) being a von Neumann measurement on subsystem A (i.e., a complete set of rank-1 orthonormal projective measurements on H A ), and
being the resulting state of the subsystem B after obtaining the result M j when M is measured on subsystem A and p j being its corresponding probability. States given by Eq. known as Quantum Discord which can be written as [23, 24] ,
Besides, after a measurement M is performed on party A, the state of the composite system A + B (without observing) can be written as
Thus, bearing in mind equation (7), it can be easily verified that Quantum Discord can also be written as
It is worth pointing out that, as the measure J S (ρ) is not symmetric under the exchange of subsystems A and B, there exists a directionality over J S (ρ) and in consequence over the quantity D(ρ).
A general two qubits state ρ may always be written, up to local unitary transformations, in the Fano form [25] [26] [27] as follows
Here 
define the correlation matrix T,
On one hand, by analogy with the concept of correlation functions for describing correlation effects in many-body physics [28] and taking into account that correlation functions are directly related to observables [28] , it can be verified that the information related to both, classical and quantum correlations present in the composite quantum system, is in fact contained inside the elements T ij of the correlation matrix T. This matrix was used to investigate, for example, the dynamics of open quantum systems in the presence of initial correlations [29] , and to study correlations in the quantum state of a composite system [30, 31] .
C. Two-qubit states with maximally mixed marginals
Bell-diagonal (BD) states are two-qubit states with maximally mixed marginals which can be written as
with I 2 the identity matrix of dimension 2.
Any two-qubit state satisfying σ for our purpose it will be sufficient to consider the set of BD states.
The eigenvalues of a BD state are given by
where the coefficients {c j } are such that 0
BD states are a three-parameter set which includes the subsets of separable and classical states [32] . They can be specified by the 3-tuple (c 1 , c 2 , c 3 ). Two-qubit states with maximally mixed marginals also includes Werner (|c 1 | = |c 2 | = |c 3 | = c) and Bell states (|c i | = 1, (1, 2, 3)). Thus, the state represented by
Eq. (11) encompasses a wide set of quantum states.
D. Non-commutativity measure of quantum correlations
In [10] a non-commutativity measure of quantum correlations (NCMQC) was introduced as another tool for studying the behavior of quantum correlations in bipartite quantum systems.
Any state ρ of a bipartite system A + B can always be expressed as
where {|i B } stands for an orthonormal basis of H B , and
By considering this representation of the states, Guo [10] introduced the following measure of quantum correlations:
where || · || 2 is the Hilbert-Schmidt norm, ||A|| 2 = Tr(A † A), and Ω the set of all the possible pairs (regardless of the order).
According to [11] , the measure D A (ρ) depends upon the representation basis {|i B } of the state ρ (16). Then, it fails in satisfying all the criteria in order to be a physically wellbehaved measure of quantum correlations. With the aim of overcoming this drawback, the following improved measure of quantum correlations has been proposed [11] :
where the minimum is taken over all possible representations of the state ρ.
III. RESULTS
In this section we analyze the (quantum or classical) character of the correlations present in a bipartite state ρ by means of the Fano representation (9) and the correlation matrix T.
We shall focus on two-qubit BD states.
A. Correlation matrix as a tool to identify classical and quantum correlations.
The computation of the QD involves an optimization of the classical correlations J S [cf.
eq. (3)] over all possible von Neumann measurements. Let us introduce local measurements for party A,
that is, {E j } is a PVM (Projection-Valued Measure) over the subsystem A given in the computational basis {|j }. Any other projective measurement will be given by a unitary transformation:
with V ∈ U (2). A useful parametrization of this unitary operators, up to a constant phase,
with s ∈ Γ, and Γ = {s ∈ R 4 / s 
In Eqs. (23) and (24) we defined
and the conditional probabilities are
for all s ∈ Γ.
By using (25) , (26), and (27) the measure J S [cf. Eq. (3)] of classical correlations can be evaluated. It turns out that J S is a non-decreasing function of the parameter θ(s) :=
Therefore, the optimal measurement is defined by the vector s such that θ(s) is maximum.
If we set c = max{|c 1 |, |c 2 |, |c 3 |} it can be verified that θ(s) ≤ c. Thus, the optimal measurement is given by the vector s M satisfying θ(s M ) = c. More specifically, we have the following cases,
The correlation matrix for an arbitrary BD state [cf. (11) ] takes the form,
revealing the presence of correlations between the Pauli spin observables σ After some algebra, when a measurement parametrized by equations (21) and (22) is performed on subsystem A, it is straightforward to verify that the correlation matrix associated with the state after the measurement can be written as,
• if c = |c 2 |,
• if c = |c 3 |,
Taking into account that after a measurement the state can only exhibit classical correlations [9, 11, 23] , the elements in the correlation matrix which remain invariant after the (optimal) measurement can be associated with this kind of correlations [23, 24, 33] .
Thus, BD states exhibit only one classical correlation in the direction determined by c = max{|c 1 |, |c 2 |, |c 3 |}. On the other hand, those elements of T suppressed by the measurement can be identified with quantum correlations.
B. Behavior of correlations under nondissipative decoherence
Now, we turn to the study of a dynamical scenario where we shall consider two noninteracting qubits A and B under the influence of local and identical non-dissipative decoherence channels. In this case, the evolution of a two-qubit state ρ can be written by means of the Kraus operators formalism, e.g.,
where the Kraus operators are
and m = A, B states for the qubit A or B, k ∈ {1, 2, 3} is in correspondence with {bit flip, bit-phase flip, phase flip} channels, and γ ∈ R ≥0 is the decoherence rate. A particular choice of k defines the direction x, y, z of the noise in the Bloch sphere and establishes the decoherence process.
If the A + B system is initially in a BD state its structure will remain unchanged for all t [12] [13] [14] [15] [16] . In this scenario, the coefficients c i are functions of t and are given by
The freezing phenomenon of QD may occur if certain particular initial conditions are satisfied, as for example:
with |c k (0)| ≡ c 0 and k ∈ {1, 2, 3} denoting the corresponding channels.
The evolution of the system from the above initial conditions gives rise to a peculiar dynamics. In particular, some measures of quantum correlations [34] , remain constant for all t ∈ [0, t * ] where t * = −
Correlation matrix
Here we analyze the dynamics of quantum and classical correlations under a nondissipative decoherence process by using the results of Sect. III A.
In the case of the phase flip channel (k = 3), the correlation matrix for a BD state can be written as
with c j (0) = c j0 , j ∈ {1, 2, 3}. After performing the optimal measurement, the structure of the correlation matrix will be determined by
which in turn will depend upon the initial conditions.
In order to illustrate the use of the correlation matrix for the analysis of the correlations present in the system in what follows we shall consider two examples corresponding to two different sets of initial conditions. As c 1 (t) and c 2 (t) both decay with time, it is clear that c(t) = c 0 . In this case we have,
and after performing the optimal measurement the correlation matrix takes the form,
for all t ∈ [0, ∞). Therefore, after the measurement, the invariant element turns out to be 
and after performing the optimal measurement, for t ∈ (t * , ∞) we have c(t) = |c 3 | = |c 0 | leading to the following matrix, 
Thus, T 33 = c 0 is associated with a classical correlation whereas the remaining elements
are associated with quantum correlations. This analysis is in agreement with Fig. 2 where it can be seen that while the measure of classical correlations remains constant, quantum discord decays with t. However, for t ∈ [0, t * ) we have c(t) = |c 1 (t)|. Therefore, the correlation matrix takes form,
If we compare Eqs. (46) and (44), we can see that now T 11 = e −2γt is associated with a classical correlation and T 22 = −c 0 e −2γt , T 33 = c 0 are associated with quantum correlations.
The measure of classical correlations decays in time in the same way as von Neumann total information does. Thus, quantum discord remains constant in this case exhibiting the freezing phenomenon. By analyzing the corresponding correlation matrix this behavior seems to be controversial because only one of the elements associated to quantum correlations remains invariant with t (T 33 ). Since quantum discord is also a function of the elements of T, a question that naturally arises is whether QD truly reflects what happens with the actual quantum correlations in this time interval.
NCMQD for Bell diagonal states
In order to further explore into the results obtained in previous section, we will compute now the non-commutativity measure of quantum correlations introduced in Sect. II D [cf.
Eq. (19)] for Bell diagonals states [cf. Eq. (11)] under the influence of local non-dissipative decoherence. We will consider the same two examples as in previous section.
Following [35] we have,
with α
Thus, after some algebra the HS norm of the commutators can be written as After some straightforward calculations, the resulting expression to be minimized turns out to be 
with z 1 (s), z 2 (s) and z 3 (s) defined according to Eqs. (25) , (26) , and (27) respectively and
After some algebra (see appendix IV) the optimized measure can be written as:
We evaluate Eq. 
IV. CONCLUDING REMARKS
In this paper we studied the behavior of correlations under non-dissipative decoherence in two-qubit states with maximally mixed marginals by means of the Fano representation which allows us to identify a correlation matrix. From the behavior of the elements of this correlation matrix before and after making measurements on one of the subsystems, we have been able to identify the classical and quantum correlations present in the bipartite states.
In addition, we used the correlation matrix to study the phenomenon of freezing of quantum discord under non-dissipative decoherence. We found that under some initial conditions, where freezing of quantum discord takes place, the actual quantum correlations may not remain constant. In order to obtain further insights into these findings we also computed a non-commutativity measure of quantum correlations in the same dynamical scenario. We conclude from our study that freezing of quantum discord may not always be identified as equivalent to the freezing of the actual quantum correlations.
Naturally, our conclusions may be extended to other measures or quantifiers of quantum correlations eventually reflecting the same kind of freezing behavior. It seems that caution must be exercised regarding the interpretation of freezing of a certain measure of quantum correlations as equivalent to the freezing of the actual quantum correlations present in the physical system.
x e ∈ {(0, 0, 1), (0, 1, 0), (1, 0, 0)}.
Let us take now x k = 0, and x i = 0, x j = 0. Then, we have the three quantities x i , x j and λ to be determined taking into account (55), (56) and x 2 i + x 2 j = 1. Accordingly,
Now, if α i = α j from Eq. (56) we obtain
The equality in Eq. (59) holds iff θ = 1 5 α. Therefore, the extremal points are given by Let us see which of them is a minimum of the function f (x). Consider the one-dimensional functionf (θ) = √ θ + 2 √ α − θ. It is easy to see that is a concave function of θ with an extremal point in θ = 1 5 α. Therefore, this case corresponds to a local maximum. Thus, the minimum of the function should be in the boundary points:
being G = {x ∈ R 3 : g(x) = 1}. Following [33] , as θ = p α p x 2 p ≤ c p x 2 p = c ± we have,
θ max = c + = max{α 1 , α 2 , α 3 }.
These θ values do coincide with our first type of extremal points x e . As a consequence, the minimum of the function f (x) turns out to be:
Finally, the optimized measure d A (ρ) can be written as: 
It is important to realize that the extremal points z e = (z 
